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Abstract 

The heat transfer phenomena in electron beam plasma (EBP), generated in air, was investigated. Some sug-

gestions to improve the agreement between some available semi-empirical models and the experimental data were 

proposed. As a result, we have concluded two models, which can better predict radial distribution of temperature 

in EBP with various pressures. 
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1-Introduction 

Electron beam (EB) have wide field of applica-

tions in modern scientific investigation and new tech-

nologies. For example, the diagnostics of gaseous 

streams of low density[1], generation of laser me-

dium[2], generation of radicals for chemical reactions 

investigation[3], reduction gaseous pollutants from 

combustion flue gases in industrial facilities[4], depo-

sition of thin films from gas mixtures for microelec-

tronics and optoelectronics[5], coherent radiation gen-

eration by intense electron beams, as in magnetrons, 

free electron lasers, and cyclotrons masers[6], heating 

of plasma in thermonuclear fusion reactors[7], surface 

microanalysis and images[8], and materials processing 

and treatment[9]. 

Generally, in the most above mentioned applica-

tions, we must deal with different kinds of plasma, gen-

erated as a result of the interaction of electron beam 

with working gases or materials. As well as, the plasma 

generated by injecting of an electron beam into a gas, 

or so called electron beam plasma (EBP), have many 

advantages compared to the conventional techniques of 

plasma generation by gas discharge: 1)there are no lim-

its for the density of gaseous mixture, 2)solid-powders, 

liquid droplets and large-size body can be inserted into 

the plasma bulk, 3)generation of stable plasma flows by 

EB, 4)generation of hybrid plasma (by gas discharge 

preliminary and EB), etc. During the interaction of 

electron beam with gas, many physical and chemical 

processes can take place; excitation, ionization, heat-

ing, diffusion, convection, radiation (about the proper-

ties of EBP see [10-11]). 

One of the relevant industrial applications of EBP 

is plasma chemical treatment and surface modification 

of materials and parts of machine for many technologi-

cal purposes. The heat transfer from the EB in EBP, ex-

plicitly temperature distribution (TD), plays an influen-

tial role on the quality of treatment. To completely 

solve the problem of heat transfer in EBP, one must 

take into consideration all types of heat transfer (con-

duction, convection and radiation) on the one hand and 

the complicated properties of EBP (heterogeneity, 

strongly non-equilibrium state, chemical activity, com-

plex composition, etc.) on the other hand. For these rea-

sons, one can understand the significant disagreement 

between the experimental data and the available theo-

retical models (see our work [12]). In our work [13], we 

have tried to elucidate our experimental data qualita-

tively using our geometrical intuition about the propa-

gation of heat in the EBP, but a rigorous solutions of 

heat transport problem is still deeded. 

In this article, we have tried to reduce the gap be-

tween experimental and theoretical data, by suppres-

sion some deficiencies in the available models. A de-

tailed critical review of some available semi-empirical 

models and our suggestions to improve these models 

are presented in the Sec. II. Our results on the tempera-

ture distribution are compared with experimental data 

and previous calculations in Sec. III. 

2-Theoretical models 

Firstly, it should be mentioned that generated 

plasma obeys the quasi-stationary conditions, under 

which the space charge is compensational and the den-

sity of secondary electrons equals to the density of ions. 

This state of plasma can be easily realized using an 

electron beam of density of current 
263 A/cm   1010 

b
j , and working gas with 

pressure Torr  1001~ P ; or by the continuous in-

jection of electron beam, that leads to balance in for-

mation and annihilation of charged particles by many 

physical mechanisms (basically by diffusion) [11]. 

The above mentioned conditions are completely 

approved by the steady distribution of temperature in 

EBP obtained experimentally by us [12], in addition to 

the ability to use steady-state equation for heat transfer. 

One can write the steady-state equation of heat 

transfer in cylindrical coordinates, in the section, 

placed at a distance z along the axis of the beam: 

1
( ) ( , , , ) 0

d dT
r T N r z P T

r dr dr


 
  

 
 (1) 

where )(T  is the thermal conductivity of the 

air, ( , , , )N r z P T  the energy going to heating from 
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the EB at coordinates ( , )r z  in plasma with pressure 

P  and temperature T  (see figure 1). 

 
Figure 1: EBP geometry. 

 

The simplest model, so called canal model [14], 

supposes that the EB does not expand, and the electron 

beam here behaves as a cylindrical constant heat source 

of power: 

0( , , , ) b b

q

j dE
N r z P T

e dz

 
  

 
  (2) 

where 0bj  the initial EB current density, qe  the 

absolute value of the charge of electron, and /bdE dz

stopping power of electron beam in air. 

In this model, thermal conductivity of air )(T  

can be expressed as a linear dependency of tempera-

ture: 

TT  )(    (3) 

Hence, by using a supplementary boundary condi-

tion, in which heating of the gas stops at certain radial 

distance R, where the temperature of the gas equals to 

room temperature (Ta): 
r R

aT T    (4) 

Therefore, one can easily obtain: 

0

2

022 for               ln rr
r

RNr
TT

a



 (5) 

where 0r is the initial radius of the beam. 

In [15], Bychkov, Vasiliev and Koroteev had tried 

to obtain the radial distribution of temperature in EBP 

taking into account the expansion of the EB due to the 

collisions with the molecules of the gas. For this pur-

pose, they had employed, as a heating source, the fol-

lowing relation: 

( , , , )
( , , , ) b b

q

j r z P T dE
N r z P T

e dz

 
  

 
 (6) 

where ( , , , )bj r z P T  the radial distribution of the 

current’s density at the section z in EBP cloud with 

temperature T and pressure P. 

According to [15], radial distribution of the cur-

rent density locates between the Gauss and Bessel dis-

tributions, hence we can write: 

2

2
( , , , ) ( , , ) 1 exp

1
b b

z

r e
j r z P T j z P T

r e

  
    

  

 (7) 

where ( , , )bj z P T  is the current’s density and 

the radius of the electron beam at the distance z along 

the axis of EBP with temperature T  and pressure P , 

and 
zr  is the radius of electron beam at the distance z

. 

To solve the equation of heat transfer (1), we need, 

in addition to the above mentioned boundary condition 

(4), to a second one. Owing to the fact that heating takes 

place symmetrically around the axis of the EB, By-

chkov et al. had supposed that: 

0
0


rdr

dT
   (8) 

Additionally, the thermal conductivity of the 

plasma had been approximated by the following rela-

tion: 

   


 









a

a
T

T
TT   (9) 

Therefore, one can easily find the radial distribu-

tion of temperature: 
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where 
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dx
x

x

R

Rr

R

r
F

Rr















/

0

2

2

22 1)exp(

2
398.0  

which can be approximated by the following rela-

tion: 

  32 169.00793.0 0116.01017.0  F  

Unfortunately, there is a significant disagreement 

between the experimental data and the two above de-

scribed models (see our work [12]). We can summarize 

our critiques to the these models in the following 

points: 

1-The assumption that the heating should be 

ceased at a certain radial distance R is not physically 

reasonable (see (4)). As well as, one of the major defi-

ciencies of these models is the determination of R , 

which is possible only experimentally, and this requires 

the measurement of temperature at many radial dis-

tances, which is evidently impractical and render these 

models useless. Hence, the most proper alternative is, 

that, the temperature of the gas equals to the room tem-

perature at the infinity, i.e. a

r TT  
. As the 

EBP is enclosed in some chamber, one can replace the 

last condition by chr R

aT T


 , where 
chR  is the 

dimension of working chamber in the radial direction.  

2-From mathematical point of view, the symmet-

rical heating of the gas doesn’t necessary impose the 

condition (8), and one can replace this condition by the 

following: 

0    ( , , )rdT
C z P T

dr

   (11) 

from intuitive reasoning the constant ( , , )C z P T  

becomes close to zero when the pressure of the gas is 

so high, also at great distances (high z) from the point 

of injection of electron beam. At the moment, determi-

nation of the constant ( , , )C z P T is the main difficulty 

of our approach, it is obvious that this constant can be 

determined experimentally from the slope of the tan-

gent at 0r , but, as we will see, there is no need to 

evaluate this constant. 

3-In the second model, the author have supposed, 

without any justification, that the distribution of current 

locates between Gauss and Bessel distributions as dis-

played in (7). 

4-In the tow above mentioned models, authors 

didn’t have taken into consideration the formation of 

new medium, plasma, which is very different from air, 

and used the thermal conductivity of air.  

In order to improve the agreement between theory 

and experiment, we have tried to tackle this problem 

using another approach. In our approach, we will con-

sider this problem as a simple process of heat transfer, 

where the distributed electrons in air play the role of 

constant bulk heat source. Hence, the conduction is the 

single mechanism of heat transfer from the EB to gas, 

neglecting the other mechanisms of transfer, as radia-

tion and convection, and neglecting the dependency of 

the thermal conductivity on temperature. 

For the sake of simplicity, we introduce the func-

tion ( , , )z P T , defining as following: 

( , , )
( , , ) b b

q

j z P T dE
z P T

e dz


 
  

 
  (12) 

Therefore, one can rewrite the heating power, in 

the case of distribution (7): 

2

2
( , , , ) ( , , ) 1 exp

1z

r e
N r z P T z P T

r e


  
    

  

(13) 

In this case, solutions of heat transfer equation (1) 

take the following form: 

212

222

)ln(.
44

)( CrC
r

r
Ei

rr
rT

z

z 
















(14) 

Where 
1

C  and 
2

C  are constants of integration, 

and  xEi  is the well-known exponential integral 

function defined as following: 

 
exp( ) exp( )

х

x

t t
Ei x dt dt

t t



 


     

Where the principal value of the integral is taken 

(about the properties of this function see [16]). 

Notice that, the second and the third terms in equa-

tion (11) are infinite in the neighborhood of 0r , 

which is the major deficiency of this equation. If one 

takes into consideration the condition (11), it is easy to 

write: 

2 2

1

2
.exp ( , , )

2 2

z

z

r CdT r r
C z P T

dr r r r



 

 
      

 
 

in the neighborhood of 0r , and one can deduce the 

value of 




2

2

1

z
r

C  . 

Also, at 
chr R  temperature should equal to 

aT , 

hence one can write the radial distribution of tempera-

ture as following: 

 
22 2

2 2

2 2
( ) . 2ln

4 4

chz
a ch

z z ch

Rr r r
T r T R r Ei Ei

r r R



 

     
            

      
   (15) 

Now, if one supposes that the distribution of cur-

rent is Gaussian, then the heating power becomes: 

2

2
( , , , ) ( , , ) exp

z

r
N r z P T z P T

r


 
  

 
 (16) 

The radial distribution is: 

212

22

)ln(.
4

)( BrB
r

r
Ei

r
rT

z

z 












 (17) 

where 
1

B  and 
2

B  are constants of integration. 

It is easy to see that:  
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22 2

2 2
( ) 2ln

4

chz
a

z z ch

Rr r r
T r T Ei Ei

r r R





     
          

      

 

(18) 

  

3-Results and Discussion 

The energy’s losses or stopping power at the dis-

tance z can be evaluated by the following semi-empiri-

cal relation [14]: 
5/4

0 [ ] 8
1 3 2exp

4

b b

p p p

dE E z z cm z

dz L L L

     
                   

 (19) 

where pL  is the projection length of the electron 

beam in the gas, and 
0b

E  is the initial energy of the 

electron beam. 

Applying the method of Monte-Carlo, used by us 

in [12], we can approximate the value of pL  by the fol-

lowing formulae: 

3 1.6

0

[K]
[cm] 2,75.10 [kev]

[Torr]
p b

T
L E

P

  (20) 

The radius of the EB zr  at a distance z along the 

axis of plasma cloud can be calculated by the following 

semi-empirical equation [17]: 

]cm[
]K[

]Torr[

341

]kev[
1]kev[

1.35
]cm[ 2/3

0
0

2 z
T

P

E
E

r
b

b

z












 (21) 

Concerning the thermal conductivity of air, we 

have used the experimental data at atmospheric pres-

sure (1 bar) published in [18, 19], and fitting them ac-

cording to the equations (3) and (9). So we obtained the 

following results for the coefficients, entered in these 

equations: 

        7,4317 /

        0,0641 /

( )  26,3930 /

        0.7932

a

mW mK

mW m

T mW mK

















 

About the values of thermal conductivity of air at 

low pressure, we have used the data, published in [20], 

where the value is given by

0.1 /     0.001     1500W mK at bar and K  . 

It should mentioned here that, in all our calcula-

tions, we have proposed that
ch zR r , because we sug-

gested that conduction is the unique heat transport 

mechanism, which can take place only in EBP cloud, 

where the energy carriers (electrons) are present. 

The procedure of calculation is very simple and 

consists of the following steps: 

1-Calculation of ,  z pr L  from the equations (20) 

and (21) at T=300K and various pressures and distances 

z. 

2-Calculation of stopping power /bdE dz and 

( , , )bj z P T at various P and z. 

3-Calculation of  and N . 

4-Evaluation of ( )T r  for every model. 

Experimental setup is described in detail previ-

ously [12]. In this arrangement the electron beam of in-

itial radius 
0r  enters the working chamber, where it can 

generate the EBP. We have two set of experimental 

data at various sections of EBP cloud (see the table 1). 

The results of our calculations and experimental 

data are represented in the figures 2 to 6. 
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Table 1 

Some parameters of EBP, used in our calculations 

 z=130 mm z=210 mm 

Pressure  [ ]P torr  2,6 8 0,66 1,1 2,6 

Initial energy 
0  [ ]bE keV  25 25 

Initial current 
0  [ ]bI mA  10 10 

Initial radius 
0  [ ]r mm  0,5 0,5 

 [ ]R mm  14 14 40 40 40 

 [ ]zr mm  25,71 34,05 26,15 29,71 36,84 

 [ ]pL cm  54,72 17,79 215,68 129,35 54,72 

/  [ / ]bdE dz eV m  78939,30 80545,57 20536,72 36918,15 71742,88 

 [ ]SI  380285,64 221207,57 95641,99 133178,16 168337,75 

 

 
Figure 2: Radial distribution of temperature at distance 210mm and pressure 0,66 torr. 
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Figure 3: Radial distribution of temperature at distance 210mm and pressure 1,1 torr. 

 

 
Figure 4: Radial distribution of temperature at distance 210mm and pressure 2,6 torr. 
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Figure 5: Radial distribution of temperature at distance 130mm and pressure 2,6 torr. 

 

 
Figure 6: Radial distribution of temperature at distance 130mm and pressure 8 torr. 
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As we see from the figures 2-6, the canal model 

fails to predict the values of temperature in all cases, 

and the discrepancy was larger at high pressures, be-

cause the expansion of electron beam is more signifi-

cant. Apparently, canal model is unrealistic, because 

the processes of ionization and excitation, which can 

talk place along the path of electron couldn’t be ne-

glected, and these processes lead to the divergence of 

EB. 

The radial distribution of temperature in EBP ob-

tained using our suggested models are in good agree-

ment with experimental data, comparing with the 

model Bychkov et al., especially at large distances from 

the injection point of EB. 

At large distances our model with Bessel’s distri-

bution (equation 15) demonstrates better agreement 

with experimental data comparing with that with 

Gaussian distribution (equation 19). 

Although our approach improves the prediction of 

temperature distribution in EBP, comparing with the 

previous studies, but all these models, ours and others, 

suffer from several limitations: 

-All these models neglect the other mechanisms of 

heat transfer, like radiation and convection; 

-Many physic-chemical processes (ionization, ex-

citation, diffusion, chemical reactions … etc.) been ne-

glected as well; 

-Non-homogeneity of EBP didn’t taken into con-

sideration; 

-The thermal conductivity of air was used in place 

of thermal conductivity of EBP. 

So, to draw the correct picture of heat transfer in 

EBP, one should take into consideration all these fac-

tors, and our future researches should direct attention to 

it. 
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